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Abstract
Hyper-redundant, flexible robotic arms inspired by muscular hydrostats perform well in
tightly-constrained spaces and are capable of complex movements. These types of manipula-
tors possess a wide range of motion while also achieving complex geometrical configurations.
Although, flexible structures that mimic muscular hydrostats like the octopus arm have been
attempted in the literature by using pneumatic air muscles (PAM), shape memory alloys
(SMAs), or strings and cables, light-weight, relatively power-dense dielectric electroactive
polymers (EAP) can also be used in unison with a flexible robotic arm structure to provide
actuation. This thesis presents a variety of designs for this type of robotic arm while uti-
lizing a EAP model-guided approach to assist in arm design. Preliminary efforts have been
made to manufacture a prototype arm design as well as learn about the EAP material prop-
erties through experimentation. Furthermore, this thesis presents a control strategy called
partial differential equation (PDE) boundary control in hopes to effectively control arms of
this nature. Experimental results are presented on PDE boundary control to validate its
effectiveness.
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vi
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Nb, φ1 and φ2 Number of basis functions, Basis functions
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vii
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p, h Indicates term is related to the particular dynamics of perturbation observer,
Indicates term is related to the homogenous dynamics of perturbation ob-
server
T Indicates transpose
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Chapter 1
Introduction
1.1 Motivation and Related Work
Octopus arms are of special interest to both robotics engineers and materials scientists be-
cause they combine extreme flexibility (they can bend at any point and in any direction, as
well as elongate, shorten, and twist) with a capability for executing various sophisticated
motor tasks, such as building a shelter, manipulating small objects, and opening a jar [1] [2].
Engineered flexible structures that mimic muscular hydrostats like the octopus arm have been
attempted in the literature, notably work [4] [5], by using pneumatic air muscles (PAM),
which exhibits disadvantages of less precision, actuation delays, and a bulky compressed air
generator. Also, we cannot use PAM-based actuators for light-weight robots. In essence,
artificial muscles and continuum robotic arms that can rival biological counterparts have yet
to be reported.
In an attempt to mimic the functionality of a muscular hydrostat by achieving similar
high local curvature and complex configurations, different designs for a hyper-redundant
robotic arm design that utilizes dielectric electro-active polymers (EAPs) as the artificial
muscles have been explored. In contrast with other materials used in the literature, EAPs
are the only viable option to build a lightweight actuator for highly compliant artificial hy-
drostats and muscles. Polymer-based actuator materials are expected to work better than
piezoelectric ceramic (PZT) actuators and shape-memory alloys (SMAs) in terms of the
amount of strain achieved during actuation ( 0.1% for PZTs [6]) and the electromechanical
coupling that limits the large-scale maneuverability respectively [7]. They can also provide
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power densities within a factor of 3-5 of the electric motors but with the added flexibility of
their muscle-like nature. Furthermore, dielectric EAPs are good candidates for actuation be-
cause they exhibit quick response times and are capable of relatively large strains (10-100%).
Dielectric elastomers are commercially available in the form of ribbons and sheets, and are
typically prestrained on compliant frames (up to 500%) to reduce the actuation voltage (up
to 10kV and a few mA of current). Prestraining is the act of stretching the elastomer, in ei-
ther a unilateral direction or bilaterally, to reduce the thickness of the material. This causes
there to be internal tensile stresses in the material during a non-activated state.
Significant work has been done to explore the potential of the EAPs in actuator tech-
nologies while attempting to model the behavior of this material. Out-of-plane actuation
has been looked at and implemented using an agonist-antagonist configuration of the EAPs
[8], and finite element methods (FEM), as well as analytical modeling of a circular in-plane
EAP actuator has been examined [9]. The viscoelastic properties of VHB4910, a commer-
cially available dielectric elastomer, have also been characterized in the modeling process [9].
Different actuation methods like the spring roll actuator, and the contractive EAP actuator
have been designed, developed, and manufactured to show their effectiveness [10] [11] [12].
Although there is extensive prior work in developing and modeling actuators separately, lit-
tle work has been done to consolidate this technical know-how to design a truly flexible and
complaint robotic manipulator that resembles an octopus arm. In this thesis, preliminary
steps have been taken in this direction devising a number of design concepts for this type of
arm while utilizing a hyperelastic material model to assist in the design process.
Another objective to this thesis was to propose a control strategy for controlling a flex-
ible, complaint robotic manipulator. This control strategy is partial differential equation
(PDE) boundary control. The premise of the theory is that a system can be described by
PDEs where the actuators or sensors are situated only at the “boundaries” of the system.
Thus, the actuation and sensing are only applied to the system through the boundary condi-
tions. A flexible structure subject to large deformations like the robotic arm at hand can be
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thoroughly described by partial differential equations. The arm can be discretized so that
each segment is governed by its own PDE and has EAP actuators at its boundaries. This is
the ultimate design goal of this project. As a result, a system like this warrants application
of PDE boundary control. This thesis validates its efficacy by implementation of the control
theory and presenting experimental results.
In summary, the objectives of this thesis are:
• To utilize the EAP material as a candidate actuator technology to design and fabricate
a hyper-redundant, flexible robotic arm.
• To show the knowledge gained from the design, modeling, and fabrication process.
• To examine and present a possible control strategy that would be effective in controlling
this type of arm.
• To implement the control theory and present experimental results.
Chapter 1 gives an overview of the EAP material. Chapter 2 presents an analytical model
of the EAP material and experimental results for characterization of the model. Chapter
3 discusses the design requirements of the arm while examining different arm designs. Fur-
thermore, chapter 3 goes on to use the EAP model to develop a total arm model used to
simulate the deflection and blocking moment of a specific arm design. Conclusions are drawn
from the simulation results. Simulation results are also compared to experimentation data
from literature in order to show the accuracy of the model. Chapter 4 discusses the PDE
boundary control theory and how it was implemented on testbeds. Chapter 5 describes the
experimental test setups and presents experimental results. Chapter 6 discusses concluding
remarks and summarizes the work of this thesis. Chapter 7 is a list of references used in this
work. Figure 1.1 shows the organization of this thesis.
3
Figure 1.1: Thesis organization
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Figure 1.2: Actuation stress vs. Actuation strain (figure credit: drawn by Wei Hong/Ashraf
Bastawros based on [13] [14])
1.2 EAP Background
A number of conventional actuator technologies are being used today which include hy-
draulic, pneumatic, and electromechanical actuators. However, one common drawback that
conventional actuators have is that the actuator itself or the power source is bulky and
heavy. The need for light-weight, compliant, small-sized actuators yet having high power to
weight ratio has driven research into active materials. Shape memory alloys, piezoelectric
ceramics, magneto-strictive materials, electroactive polymers are a few examples of active
materials. Active material actuators unlike conventional actuators are not made up of many
passive/sub parts forming a complex structure which needs to be actuated rather the active
material actuator has active structures. For a bio-inspired flexible, hyper-redundant arm,
after comparing data available (Figure 1.2) for different active materials, a conclusion can
be reached that dielectric electroactive polymers are a candidate material solution for an
actuator.
Dielectric elastomers consist of a thin film of elastomer sandwiched between to compliant
electrodes and essentially are compliant capacitors that actuate when a high DC voltage po-
tential(Figure 1.3 [8]) is applied across the electrodes. The electrodes have opposite charges
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Figure 1.3: Activation of EAPs [8]
hence attract each other and thereby squeezing the thin film of elastomer. Since the elas-
tomer is incompressible, it expands in the planar direction and thins in the thickness direc-
tion. Also, the same charges on an electrode repel each other leading to further expansion in
the planar direction. This squeezing stress is called a compressive Maxwell stress. The areas
that are covered in electrodes are called the active zones. This actuation strain is the source
of motion for any actuator made from EAPs. However, most actuators must also utilize the
prestrain of the EAP to allow for more efficient use of the motion. Generally, the larger the
prestrain is, the lower the voltage required to activate the EAP [18]. Many actuators also
use the agonist-antagonist configuration of EAPs to serve as an actuator since EAPs cannot
push and can only pull. In the simplest form, an agonist-antagonist configuration, is when
two EAPs act together one activating while the other pulling due to the inherit prestrain.
This is similar to a biceps-triceps system in a human arm. The “lessening of the prestrain”
(i.e., lessening of the internal tensile stresses) and the strain due to the actuation of one EAP
causes the configuration to be out of equilibrium. As a result, the other EAP effectively pulls
to getting the system back into static equilibrium. This type of actuation can be seen from
various actuators like a push-pull actuator, and a hinge actuator (see Figure 1.4 [8] [16]).
The previously mentioned actuators all use the extension of the EAPs to provide actua-
tion, however, some actuators are designed to take advantage of the reduction in thickness
of the EAP to provide actuation. These actuators require many layers of the elastomer to
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visibly observe the contraction. The active zones alternate in polarity for each layer so that
each layer of the actuator are squeezed. Figure 1.4 shows these types of actuators [3].
Widely-used dielectric elastomers are made out of either silicone or acrylic. VHB
4910 and the VHB brand variations are acrylic EAPs. Acrylic EAPs can strain more and
are capable of more tensile stress during prestraining (increased elastic energy density) when
compared to silicone EAPs, however, silicone EAPs have a faster response time and are more
efficient mechanically [17]. In the case of developing an arm that would ultimately be able
to lift objects, max strain and max elastic energy density are the attractive material charac-
teristics. Therefore, the VHB4910 is chosen as a good candidate as the “artificial muscle”.
Guided by the aforementioned work, this thesis used an analytical model-based approach
to design a robotic arm using the EAP as an actuator. No previous attempts have been
made to consolidate the technical knowledge to develop a design process and physically try
to fabricate a workable arm. This thesis accomplished this by examining EAPs subject to
linear actuation. A discretized arm design was prototyped and modeled in hopes to lay down
a foundation for the ultimate goal of a continuum, flexible arm that is capable of achieving
curvature at any point along its length while being actuated by EAPs.
7
Figure 1.4: Types of EAP actuators (figure credits: a-e [8], f [10], d [16])
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Chapter 2
Material Characterization
2.1 Constitutive Models
The purpose of the uniaxial tensile tests were to determine the material parameters of the
VHB 4910 dielectric elastomer that would be used in the modeling the behavior of the
material and will provide vital information on designing and predicting the movement of
specific robotic arm designs. These material parameters are constants in the strain energy
function denoted by W . The general form of the strain energy function of a hyperelastic
material subject to a uniaxial stress is denoted by equation (2.1) [30].
W =
3∑
a=0
3∑
b=0
Cab(I1 − 3)a(I2 − 3)b (2.1)
I1 = λ
2
1 + λ
2
2 + λ
2
3
I2 = λ
2
1λ
2
2 + λ
2
2λ
2
3 + λ
2
1λ
2
3
(2.2)
I1 and I2 denote the first and second invariant of the so-called left Cauchy-Green stress
tensor. λi (i = 1, 2, 3) are the principal strain ratios. Note that I1 and I2 are functions of
the principal strain ratios. 1, 2, or 3 denotes the direction on the local elastomer sample in
which the strains and stresses act. 1 denotes direction in which the tensile stress for the
uniaxial test acts, 2 is the direction perpendicular to 1 in the plane of the material, and 3
is the direction resulting from the cross product of 1 and 2 (see Figure 2.1). Cab are the
material parameters in which the uniaxial tests were performed to determine. Based on the
strain-energy function, equations (2.3) and (2.4) are used for an incompressible, hyperelastic
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Figure 2.1: Long, thin elastomer sample (left), Wide-strip elastomer sample (right)
material to determine the principal stresses in terms of the principal strain ratios.
σ11 = λ
2
1
∂W
∂I1
+ λ21(λ
2
2 + λ
2
3)
∂W
∂I2
+ phydro
σ22 = λ
2
2
∂W
∂I1
+ λ22(λ
2
3 + λ
2
1)
∂W
∂I2
+ phydro
σ33 = λ
2
3
∂W
∂I1
+ λ23(λ
2
1 + λ
2
2)
∂W
∂I2
+ phydro
(2.3)
λ1λ2λ3 = 1 (2.4)
σ11, σ22, σ33 denotes the normal stress acting on the material in the 1, 2, and 3 directions
and phydro is the hydrostatic pressure. Equation (2.4) is the incompressible material condition
which can be assumed for the VHB4910 elastomer. For boundary conditions specific to the
uniaxial test, the experimental data was fitted to the first equation (2.3) in the 1 direction.
For instance, for a long, thin elastomer strip, the boundary conditions were σ22 = 0, σ33 = 0.
Figure 2.1 (left) shows what a uniaxial test with a long, thin elastomer sample would look
like.
Long, thin elastomer samples are samples in which the original, unprestrained length
is much greater than the width. This was done to reduce the amount of necking in the
sample so that the assumptions for the boundary conditions of the simulation would be a
good approximation (i.e. σ22 = 0). Wide-strip elastomer samples are samples in which
the original, unprestrained width is much greater than the length. The assumptions for the
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boundary conditions of this sample are that the prestrain in the 2 direction remains constant
(λ2 = const) and σ33 = 0. Based on the correct boundary conditions, the stress-to-strain
relationship was derived using equations (2.3) and (2.4) and simplified to equations (2.5).
σ11 = (λ
2
1 −
1
λ21λ
2
2
)
∂W
∂I1
+ (− 1
λ21
+ λ21λ
2
2)
∂W
∂I2
σ22 = (λ
2
2 −
1
λ21λ
2
2
)
∂W
∂I1
+ (− 1
λ22
+ λ21λ
2
2)
∂W
∂I2
(2.5)
Equations (2.5) was used to analyze both the long, thin elastomer and wide-strip elas-
tomer samples, however, the correct boundary conditions need to be applied. For instance,
when determining σ11 in terms of λ1 for a long, thin elastomer sample, σ22 was set to zero
and λ2 was solved for to get an expression in terms of λ1. This was plugged back into the
σ11 equation to get an expression only in terms of λ1. For analyzing a wide-strip sample, the
σ22 equation was ignored because the σ11 equation is already in terms of λ1. λ2 was simply
the prestrain of the sample in the 2 direction since it was assumed to be constant. Both
types of samples were tested and simulated. Once the experimental data was collected, the
data was fitted to a stress-strain model and the material parameters were determined. Then,
simulations using these material parameters were done to examine the disparity between the
simulation results and the experimental data.
2.2 Theoretical Analysis of Linear EAP Actuators
In most designs of the robotic arm, a linear EAP actuator is utilized or the actuation can
be approximated by a linear EAP actuator. This means that upon activation of the EAP,
the resulting strain that occurs is dominate in one direction (denoted by the 1 direction).
Equations (2.6) show the constitutive model of the linear EAP actuator and were used to
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draw some insight on the design of an actuator.
σ11 = λ
2
1
∂W
∂I1
+ λ21(λ
2
2 +
1
λ21λ
2
2
)
∂W
∂I2
+ phydro =
F1
yIλ3z0
σ22 = λ
2
2
∂W
∂I1
+ λ22(
1
λ21λ
2
2
+ λ21)
∂W
∂I2
+ phydro
σ33 =
1
λ21λ
2
2
∂W
∂I1
+
1
λ21λ
2
2
(λ21 + λ
2
2)
∂W
∂I2
+ phydro = − r0V
2
(λ3z0)2
(2.6)
This model includes the compressive stress that effectively “squeezed” the EAP together in
the thickness direction which is denoted by the right hand side of the third equation. yI
is the width of the actuator after prestrain, r is the free-space dielectric permittivity (r
= 8.85 10.12 F/m), 0 is the relative permittivity of the dielectric material (0 = 4.7 for
VHB 4910 [26]), V is the voltage difference supplied to the electrodes, and z0 is the original
thickness of the actuator when it is not activated. For some linear actuator designs, there
may be free edges such that the actuator is not attached to a rigid structure at every edge.
This causes necking and, as a result, the width of the actuator varies along the actuation
direction. Solving for the hydrostatic pressure, the following equation is obtained.
phydro = −r0λ
2
1λ
2
2V
2
z20
− 1
λ21λ
2
2
∂W
∂I1
− 1
λ21λ
2
2
(λ21 + λ
2
2)
∂W
∂I2
(2.7)
This expression is substituted back into the first equation to yield the following.
F1 =
yIz0
λ1λ2
[
λ21
∂W
∂I1
+ λ21(λ
2
2 +
1
λ21λ
2
2
)
∂W
∂I2
− r0λ
2
1λ
2
2V
2
z20
− 1
λ21λ
2
2
∂W
∂I1
− 1
λ21λ2
2
(λ21 + λ
2
2)
∂W
∂I2
]
σ11 = λ
2
1
∂W
∂I1
+ λ21(λ
2
2 +
1
λ21λ
2
2
)
∂W
∂I2
− r0λ
2
1λ
2
2V
2
z20
− 1
λ21λ
2
2
∂W
∂I1
−
1
λ21λ
2
2
(λ21 + λ
2
2)
∂W
∂I2
(2.8)
Since the stress invariants can be written in terms of just λ1 and λ2 from the incompressible
assumption, the force of the linear actuator in the 1 direction (direction of dominate strain)
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is only a function of yI , z0, λ1, and λ2 for a given material and a given activation voltage
(F1 = f(y
I , z0, λ1, λ2)). Equation (2.8) also tells that the force of the EAP actuator will vary
linearly with the width and the thickness of the actuator. Also, the width of the actuator is
determined by the prestrain in that direction so the force is also implicitly dependent in the
prestrain in this manner. This physically means that the width, thickness, and prestrain of
the actuator determines how much force is available for the arm to utilized, but the length of
the actuator (dimension of the actuator in the activation direction) has no effect. However,
if the linear actuator has free edges, then the length will have an effect on the force of
the actuator. For instance, longer actuators for a given width would have a less significant
necking effect. The necking of the free edges effectively decrease the prestrain of the actuator
in that direction and since the force is a function of prestrain, the force would change with
different degrees of necking.
Examining equation (2.8), the stress in the activation direction is solely a function of
prestrain given an activation voltage and thickness. It is not a function of the size of the
actuator therefore, theoretically, a large EAP actuator and a small EAP actuator, regardless
of the width to length ratio, with equal prestrain and thickness should have the same internal
stresses during activation or inactivation. However, for linear actuators with free edges and
using the same analysis as previously mentioned, the internal stresses would be different for
a longer actuator (for a given width) because of a decreased necking effect. This leads to
the conclusion that only linear EAP actuators subject to free edges with the same width-
to-length ratio and same prestrain can have equal internal stresses given a specific strain.
Furthermore, this leads to the fact that the coefficients of the strain energy function, also
known as the material parameters of the material, should be the same for these actuators.
As a consequence, determining these material parameters with uniaxial tests will allow for
stress and strain prediction of different sized but similar-shaped EAP actuators.
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Figure 2.2: Uniaxial tensile test
2.3 Experimental Procedure
The uniaxial tensile tests were performed by vertically loading a mass onto a bilaterally
prestrained EAP. The elastomer was clamped at both ends and was rigidly fixed at the top
end with the direction of loading parallel to the gravity vector (direction 1). Figure 2.2
describes the experimental setup. Experiments were performed by increasing the loading on
the elastomer in small increments and measurements in deflection in the elongation direction
were taken 1 minute after loading to ensure that the effects of viscoelasticity have minimized.
The load was a hanging mass. The mass was weighed using a scale. A data point was defined
as the deflection of the elastomer and the corresponding load.
2.4 Experimental Data Analysis for Long, Thin
Elastomer Sample
First, uniaxial tensile tests were done for a long, thin strip of elastomer (refer to Figure 2.1
(left)). From the gathered data points, the deflection measurements and loads needed to
be converted into principal strains and stresses in order for the first equation in (2.5) to be
fitted and the material parameters to be determined. So, for the experimental data analysis,
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the principal stress in the 1 direction was calculated by equation (2.9).
σ11 =
P
A
(2.9)
A denotes the cross sectional area of the sample in the non-necking region, and P denotes the
amount of force acting on the sample in the elongation direction calculated by P = mg. The
cross sectional area was calculated by multiplying the measured width of the non-necking
region and the thickness. The thickness was calculated using the incompressible assumption
equation (2.4). The principal strain (λ1) is equal to
x
x0
where x is the instantaneous length
of the elastomer sample in the 1 direction and x0 is the initial length of the elastomer in the
elongation direction corresponding to the zero prestrain.
After the experimental data was converted from force to stress and from deflection
to strain, Matlab’s curve-fitting toolbox was used to determine the material parameters
corresponding to the first equation in (2.5). For one experiment with initial prestrain of
λ1 = 1.1389, λ2 = 1 and an initial length in the 1 direction of 6.75 mm, the material param-
eters for the strain energy model were determined and are shown in Table 2.1. The fitted
curve and data points are shown in Figure 2.3.
The simulation process is shown in Figure 2.5 with the boundary conditions (σ22 = σ33 =
0) for long, thin elastomer strip samples.
The superscript I refers to the pre-strained configuration whereas the II refers to the
loaded configuration. yI is the width (in direction 2). z0 is the original thickness of the
elastomer sample prior to prestrain which is 1 mm. This simulation process was performed
for loads ranging from the minimum to maximum experimental load. Figure 2.4 shows the
simulation results with the experimental results. The nominal strain was calculated using
equation (2.10).
s = (
λII1
λI1
− 1)100% (2.10)
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Table 2.1: Material parameters for a long, thin elastomer sample
Material Parameter Fitted Value (Pa)
C01 -9.215
C02 274.9
C03 -1.264
C10 -6.944
C11 -50.02
C12 267.6
C13 0.4922
C20 165.9
C21 0.4382
C22 -19.28
C23 -0.01165
C30 300.1
C31 -0.8353
C32 0.2947
C33 6.147e-7
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Figure 2.3: Fitted stress-stretch curve with processed data for a long, thin elastomer sample
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Figure 2.4: Stress versus nominal strain relation for a long, thin elastomer sample
Figure 2.5: Simulation process
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Figure 2.6: Pictorial representation of the necking approximation
2.5 Experimental Data Analysis for Wide-Strip
Elastomer Samples
The wide-strip elastomer sample was analyzed differently from the long, thin elastomer
because the boundary conditions are different. The prestrained length of the wide-strip elas-
tomer sample was much smaller than the prestrained width. Conversely, the prestrained
length of the long, thin elastomer was much greater than the prestrained width. This was
the fundamental difference. It was a good approximation in the long, thin elastomer case to
assume that the stress in the 2 direction (σ22) was negligible and can be set to zero. This
was not a good assumption in this case. However, assuming that the principal strain in the 2
direction (λ2) was constant turned out to be a much more reasonable assumption. Therefore,
only the first equation in equation (2.5) was needed.
To determine the principal stresses and strains from the experimental data, some ap-
proximations were made. The necking was approximated geometrically by a parabolic shape
determined by the minimum width of the elastomer sample at each data point. An average
width would then be calculated from that parabolic width distribution and this width would
be assumed to be constant along the elongation direction of the elastomer sample. This
product of the average width and the corresponding thickness calculated by the incompress-
ible assumption equation (2.4) was the approximated cross sectional area. Figure 2.6 shows
this approximation. yIavg would be less than y
I . This approximation was then made for each
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Table 2.2: Material parameters for a wide strip elastomer sample
Material Parameter Fitted Value (Pa)
C01 1.2738
C02 2.1262
C03 0.8228
C10 -3.774
C11 1.5459
C12 -4.1087
C13 0.0033
C20 8.1668
C21 -2.7571
C22 -14.3687
C23 -0.0264
C30 0.2192
C31 1.1898
C32 0.6432
C33 1.0505e-5
data point and the yIavg for each data point was different because the minimum width was
different for each data point. The principal stress was then calculated by equation (2.9). The
principal strains (λ1) were calculated by
x
x0
where x is the current length of the elastomer
sample in the elongation direction and x0 is the initial length of the elastomer corresponding
to the zero prestrain. Table 2.2 shows the material parameters for a wide-strip elastomer
samples with initial lengths of 21.7 mm, 25.4 mm, 33.8, and widths of 63.5 mm, 76.2 mm,
and 101.6 mm respectively. The samples were subject to an initial prestrain of λ1 = 3,
λ2 = 5 (3 in the actuation direction) with an equal width-to-length ratio of about 3. It was
evident from the uniaxial tests that the stress-strain curves for all three samples are similar
and warrants the fact that the material parameters are the same for different sized actuators
with equal width-to-length ratios and equal prestrains (given the error in measurement). The
3 by 5 prestrain of the sample was chosen as it is the prestrain configuration that has shown
the best stress and strain properties in terms of using the elastomer as a linear actuator [8].
The material parameters were determined by fitting experimental data to the first equation
in (2.5). The fitted curves and data points for each sample are shown in Figure 2.7.
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Figure 2.7: Fitted stress-stretch curve with processed data for a wide strip elastomer sample
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Figure 2.8: Stress versus nominal strain relation for a wide strip elastomer sample
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Though both long, thin samples and wide-strip samples were characterized, it was later
determined that only the wide-strip elastomer configuration was practical for use as an
actuator to produce force and stroke. Therefore, most of the subsequent designs for a flexible
arm was based on a wide-strip EAP as its main actuator.
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Chapter 3
Arm Design and Fabrication
3.1 Design Requirements and Technical Obstacles
The design of a flexible, hyper-redundant robotic arm using EAPs is a challenging task.
First, in order to use the dielectric EAPs as actuators on the arm, they must be prestrained
to maximize performance. This must be done mechanically or by using a doping agent that
prestrains the EAPs without attaching it to any rigid structure [25]. Furthermore, the dop-
ing process and manufacturing the type of actuators that are made from these doped EAPs
are labor intensive and requires specific laboratory equipment to make it even practical. For
this reason, it was decided that the EAPs were to be mechanically prestrained. Mechanically
prestraining the EAPs restricts the design because it would require rigid structures on the
arm in which the EAPs can be attached to. Furthermore, if a type of flexible core material
is used to make the arm, the core material must have the ability to resist the compression of
the EAP prestrain while simultaneously be as flexible as possible so it does not resist the ex-
tension and strain of the EAP actuators. This is a significant trade-off problem because the
ability to resist compression decreases with flexibility and vice versa. It is important to note
that any decrease in prestrain or flexibility of a core (if a core is to be utilized in the design)
will result in a reduction in performance of the arm as far as how much deflection and force
is produced. Ideally, the EAP actuator should be prestrained biaxially, and this prestrain
should be maintained. However, as seen in the uniaxial tests, if all sides of the actuator
are not attached to a rigid structure, then the free edge experiences a necking phenomenon.
This slightly decreases the prestrain in the direction of the necking. Furthermore, the free
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Table 3.1: Electrode material comparison
Electrode Activation Voltage Response Time Discharge Qualities
Carbon Black Low Moderate Moderate
Graphite High Moderate Moderate
Silicone and
Carbon Black
High Moderate Slow
Silicone and
Graphite
High Moderate Slow
Silicone-
Graphite-
PPG
Mix
Lowest Fast Moderate
Nyogel
Carbon
Grease
Moderate Moderate Moderate
edges are prone to ripping as there may be micro-abrasions that are left by the fabrication
process. These edge problems significantly reduce the durability of the actuator and care
must be taken during the fabrication process to ensure that the abrasions are minimized.
Secondly, the electrodes of the EAP and the process of depositing the electrodes is impor-
tant. The role of the electrodes on both sides of the EAP is to effectively squeeze the EAP in
the thickness direction so that the material in the other two directions extends. Therefore,
the electrode material must allow the elastomer to stretch and cannot be rigid. A variety of
electrode materials were used to gauge how each one performed. The dry, powder electrodes
used were carbon black (Timcal Super C65) and graphite. Wet electrodes included carbon
black suspended in silicone oil, graphite in silicone oil, a graphite-silicone-polypropolene gly-
col mixture, and carbon grease (Nyogel TAI Lubricants). The prestrain for each elastomer
was the same when comparing each electrode. Table 3.1 gives a comprehensive qualitative
comparison of the electrodes. EAPs with different electrodes would activate faster than oth-
ers and activate at lower voltages. Since the EAP is like a capacitor, the discharge quality
is a measure of how quickly the EAP returns to its original state after being activated.
For most purposes, the dry, powder carbon black was used as the EAP electrode mate-
rial and was brushed onto the elastomer. Wet electrodes prevented the EAPs from being
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stacked, were difficult to handle, and did not provide a significant advantage over the dry
electrodes. However, in brushing the dry electrodes, it was difficult to produce a completely
uniform layer of material. Locations with a dense amount of electrode material cause stress
concentrations when activating the EAP which may have caused the elastomer to rip. Also,
it was necessary to apply the dry electrodes with care such that the material was not smeared
onto the structure of the arm or found anywhere else besides on the elastomer. Furthermore,
the area of the electrode should cover a maximum amount of area, however, a small 1-2 mm
wide inactive zone was left out at the edges or between adjacent electrodes to avoid arcing
from one electrode to the other. This prevented short circuiting the EAP.
In arm designs in which the EAP must be mechanically prestrained, the agonist-antagonist
configuration of actuators works the best. As previously mentioned, an agonist-antagonist
configuration of actuators is when two linear EAP actuators are placed opposite of each
other with a pivot point in between like a biceps-triceps system in a human arm. When the
configuration is in equilibrium and neither EAP is activated, the EAPs’ internal stresses are
σ11, σ22 while σ33 = 0. When one EAP is activated, it extends and σ11 and σ22 decrease. σ33
becomes nonzero and is due to the squeezing of the electrodes. The other EAP contracts
(prestrain decreases) because of the force imbalance in the system due to the decrease in
σ11 in the opposing EAP. The configuration is no longer in equilibrium and the system de-
flects a certain angle. This deflection and the force in which the non-activated EAP pulls
with is highly dependent on the prestrain. Ideally, prestrain should be as large as possible.
Increase in prestrain has many advantageous effects. It decreases the thickness of the EAP
and therefore decreases the activation voltage needed to make the EAP strain. More impor-
tantly for a robotic arm though, it also increases the force generated by the actuator and
the deflection of the arm. The VHB4910 elastomer material has inherent limitations in this
area. Obviously, there is a limit to how much prestrain is possible before the material rips.
But the force generated by the EAP is proportional to its size and prestrain. Therefore,
it is desirable to have a large actuator. However, large actuators require large attachment
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points to maintain the prestrain which results in a large structure. So the arm must be as
lightweight as possible to ensure that the minimum amount of force generated by the EAP
is used to lift the mass of the structure. Furthermore, there is an optimum size for the arm
that provides maximum force or moment output.
It is also desirable to operate the EAPs at a voltage level that is just below the dielectric
breakdown strength of the material. “Dielectric breakdown across the dielectric film leads
to a permanent, irreversible damage of DE actuators. During a breakdown the originally
insulating dielectric film becomes locally conductive and electrical charges move from one
electrode to the other” [8]. This way the material is fully utilized and produces the maxi-
mum stroke. However, operating at these voltages for many cycles degraded the elastomer
material and if the EAPs were operated at the breakdown strength, the material would fail
after a few activation cycles. Physical damage to the EAP is done if the EAP fails due to
dielectric breakdown, and a new EAP needs to be manufactured.
3.2 Arm Designs
A number of different arm designs have been explored. Fabrication of a few segments was
done and actuated to see how well the actuator works by measuring the deflection observed.
For all purposes, the prestrain on the EAPs were 3 by 5 with a prestrain of 3 in the actuation
direction.
The first design that was attempted was a discretized arm made up of segments actuated
by an agonist-antagonist configuration of EAPs. In this design, each segment consisted of
square frames in which the EAPs were mechanically prestrained and attached to. The two
square frames were connected together via a ball joint at an equal distance from each frame.
EAPs were attached to all four sides of the frames to give each segment two degrees of
freedom. Connecting multiple segments together would form the arm. Figure 3.1 shows a
two-segment portion of this design. In order for the EAPs to perform the most work in
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Figure 3.1: Fabricated two-segment portion of ball joint design
manipulating a load rather than moving the arm, the arm must have relatively low mass.
Thus, it was desirable to fabricate the structure out of light-weight high-density polyethylene
(HDPE). The HDPE did not compromise structural rigidity for low weight, and because the
EAPs are driven electrically, the non-conductivity of the HDPE prevents any undesired
charge from traveling from EAP to EAP. The segments that were fabricated actuated with a
total deflection of about 1-2 degrees before dielectric breakdown when EAPs were activated
on one side. Many factors contributed to the small amount of deflection. Bowing of the
free edges reduced the prestrain but it was also postulated that the dimensions of the EAPs
resulted in such a small force (and resulting moment) that had problems overcoming the
force of gravity due to the mass of the frames and the friction in the ball joint.
Another design concept utilized a flexible core material to facilitate the bending of the arm
as opposed to using ball joints. This design allowed the arm to bend at any point whereas the
ball joint design only allowed the arm to bend at specific points along the arm. The flexible
core was made out of glue stick material. Circular structural rings were then situated along
the length of the core. In this design, the EAP was to be first prestrained, electroded in a
specific pattern, and then rolled onto the structural rings. The rolling process has been used
in previous EAP actuator designs such as the spring roll actuator [12]. This design removed
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Figure 3.2: Flexible core design
any free edges and was supposed to decrease the necking problem that reduces prestrain.
Figure 3.2 shows the flexible core and the structural rings along the length. The process
of rolling the prestrained EAP onto the rings required many attempts. Upon successfully
doing so and even though there were no free edges in the design, the EAP bowed inward
(towards the core) in between the structural rings. This was because the rings were too far
apart. A solution to this was to significantly increase the number of rings on the core but
this turned out to be an impractical solution. This was because increasing the number of
rings on the core decreased the length of the flexible core between two rings resulting in a
higher bending stiffness. The portion in between two rings became too stiff for the EAPs
to bend. The biggest problem of this design was finding a sufficiently flexible core material
that would allow the EAP to bend it but also be stiff enough to maintain the prestrain of
the EAPs.
A more ambitious design that was conceived utilizes the VHBF9460PC tape (50 micron
thick) as well as the VHB4910 tape (1 millimeter thick). This design uses thousands of layers
of the VHBF9460PC tape stacked onto one another to construct a slender core structure.
Each layer of elastomer is coated with electrode material and is patterned into three different
sections to allow for the three sections to be activated independently. Carbon black or some
sort of dry electrode must be used to take advantage of the inherent adhesion properties
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of the VHB tape. The thinner elastomer tape was chosen because it is thin enough to be
activated without prestraining, however, prestraining the tape by doping it would produce
better results. Rigid structural rings would be attached to this layered core along the length.
Then, prestrained VHB4910 EAP with patterned electrodes is rolled onto the rings similar
to the previous design but the rings a placed at a distance from each other to minimize the
necking in. See Figure 3.3 for a computer generated model of the arm design.
Both the core and the outer sheath of EAP activate to facilitate bending of the arm. To
bend to core, the layers of one of the three sections are activated, thereby contracting the
EAPs in that section in the axial direction. The decrease in thickness would force the arm
to bend in one direction since the other two sections remain the same length. The patterned
outer sheath of EAP works in the same principle as the agonist-antagonist configuration.
Activating both the outer sheath and core would provide the greatest amount of deflection.
This design was not physically realized because it was extremely difficult to manufacture.
A 50 centimeter-long arm would require 10,000 layers of EAP stacks for the core. Further-
more, when stacking the layers of the core, it was paramount that there were no pockets of
air in between each layer of tape. Else, the layer would not function properly. Due to these
issues and the lack of man and machine power, this arm design was not manufactured but
remains an intriguing option if it can be practically fabricated.
Another design consisted a core made of many lightweight spheres aligned in a line and
connected by a string running through the length of the core. Square frames were attached
to the equators of the spheres to provide attachment surfaces for the EAPs. The bending
of the arm resulted from the spheres either sliding or rolling with respect to each other and
the rigidity of the spheres serve to maintain the prestrain of the EAPs. This design was
very similar to the ball joint design but was much easier to fabricate. Figure 3.4 shows a
4 segment portion of the design. The fabricated portion of this arm design had dimensions
about 3 to 4 times as big as the initial ball joint design. This allowed the EAPs to produce
more force and a larger blocking moment. The 4 segment prototype of this design showed a
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Figure 3.3: CAD representation of contractive core design
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Figure 3.4: Spherical core design
total deflection of about 9-10 degrees before dielectric breakdown occurred.
3.3 Actuator Fabrication
The spherical ball joint design of four segments actuated by one agonist-antagonist pair
was subsequently fabricated to test its feasibility. The structural parts includes the square
frames and spherical balls connected axially through their “poles” with fishing string. The
the square frames were milled using a CNC machine from blocks of high-density polyethylene
and portions were machined out to minimize weight while still maintaining structural rigidity.
In order to attach the EAPs onto the structure, the square frames of the four segments were
first fixed relative to one another using screw attachments. This way the EAPs can be
attached to the structure without the structure moving in an undesired manner.
The EAPs were fabricated from VHB 4910 tape. In order to prestrain the VHB tape,
an apparatus capable of biaxially stretching the tape was used and is shown in Figure 3.5.
Upon prestraining the VHB tape, a separate frame was attached onto the tape, and the
frame with the tape was then cut out in order to be transferred onto the arm. Pieces of
double-sided tape were attached to the sides of square frames of the arm, and the frame was
set on top of the tape so that the prestrained VHB tape sample adhered to the double-sided
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Figure 3.5: Prestrain mechanism
tape.
Carbon black powder was carefully and homogenously deposited onto the prestrained
VHB tape by brushing. Using a rectangular-shaped, nonadhesive stencil, the carbon black
particles were brushed on so that the electrodes were confined to the rectangular shape.
From experience, it was important to apply the carbon black as cleanly as possible making
sure the carbon black only adheres to the tape. Otherwise, arcing from carbon black particle
to particle occurred during activation. Electrodes were brushed onto both sides of the tape.
Once the electrodes were applied, thin strips of aluminum foil were attached to each electrode
to serve as electrical leads to the voltage supply.
Then, the EAP was carefully cut out of the frame using an Exacto knife. To ensure that
small abrasions or cuts do not form on the EAP, the liner for the tape was placed on the
edges and cut along with the EAP. Also, a lubricant such as WD-40 applied to the blade
of the knife helped in the cutting process. Since the EAPs work under large activation
voltages ranging in the kilovolts, a boost converter was used to amplify the voltage from
the power supply. The ultra-miniature DC to HV DC converter from EMCO High Voltage
Corporation was used to achieve this. The power supply used to activate the EAPs was a
DC power supply from BC Precision.
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Figure 3.6: Actuator fabrication process
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Figure 3.7: Spherical core schematic
3.4 Design Simulation
It was determined from early tests that the spherical core design was a good candidate to
further iterate on. As a result, a model of an multi-segment arm was constructed to predict
the deflection and blocking moment given different dimensions of the arm. Figure 3.7 shows a
simple schematic of multiple segments of the spherical core design strung together to produce
an entire arm. The blue region indicates a pair of EAP stacks and each segment would have
two pairs (one EAP stack on each side). k denotes the kth segment of the arm ranging from
1 to n. Previous work for an out-of-plane actuator that is only subject to planar movement
utilizes only a pair of EAP stacks and hinge joints to move the structure from side to side
for only one degree of freedom. It was shown that for good performance of the actuator in
terms of deflection and blocking moment, the G/Lk ratio should be between 0.5 and 1 if
the EAP stacks are attached to the sides with dimension H. Large angular deflection and
small blocking moments occur for ratios G/Lk  1) and small angular deflection and large
blocking moments occur for ratios G/Lk  1. H should also be much greater than Lk in
order to minimize the boundary effects of the free edges [8].
However, in this design, there are EAP stacks in all four sides. Thus, in order to achieve
equal performance of the EAP actuators on all four sides, the G dimension must equal the
H dimension. The G and H dimensions also need to be much greater than the Lk dimension
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Figure 3.8: Single segment FBD and coordinate frames
in order to minimize the boundary effects. Also, since this arm is subject to the effects of
gravity, having many segments or large dimensions increases the mass of the arm such that
it may eventually hinder the performance at some point. Simulation results presented later
addresses this design issue.
3.5 Single Segment Static Equilibrium
Figure 3.8 shows the forces acting on a single segment as well as the coordinate frames in
which the configuration of the segment are described in. It was also assumed that the arm is
hung vertically and the first square frame is rigidly secured. F1, F2, F3 and F4 are the forces
of the EAP stacks acting on the square frames during activation. Fe is the force of the sphere
and square frame masses due to gravity (Fe = −mg[0 0 1]T ). The masses of the EAPs were
assumed to be negligible compared to the mass of the structure. Coordinate frames denoted
by the subscript “0” and “1” are fixed to their respective square frames, and the origins are
located at the center of the square frames. A rotational transformation using Euler angles
was utilized to relate coordinate frame “0” to coordinate “1”. The quantity θ1 measures the
angle from the z0 axis to the z1 axis, φ1 measures the angle from the x0 axis to the z1 axis
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projected on the x0 − y0 plane, and ψ1 describes how the square frame in coordinate frame
“1” is oriented in its plane.
The configuration of a single segment at static equilibrium must first be obtained. Essen-
tially, the Euler angles and the blocking moment were solved for given a specific activation
pattern (i.e., specific EAP stacks subject to a voltage difference). For instance, a specific
activation pattern would be all sides of the arm being activated at 4.8 kV. Consequently, the
forces from the EAP stacks were also obtained. This was achieved by calculating the sum of
the moments of the forces on the segment about a point.
First, it is necessary to determine where the forces act on the segment. Each point of
interest (i.e., where the forces act) will be a coordinate vector in R3 represented in the base
coordinate frame. However, all of the locations in which the forces act were easily represented
in coordinate frame 1. Thus, in order to change from one coordinate representation to the
other, a homogenous transformation was required and is represented by equation (3.1).
r0pt = R
0
1r
1
pt + d
0
1 = f(φ1, θ1, ψ1) (3.1)
R01 =

cφ1 −sφ1 0
sφ1 cφ1 0
0 0 1


cθ1 0 sθ1
0 1 0
−sθ1 0 cθ1


cψ1 −sψ1 0
sψ1 cψ1 0
0 0 1
 =

cφ1cθ1cψ1 − sφ1sψ1 −cφ1cθ1sψ1 − sφ1cψ1 cφ1sθ1
sφ1cθ1cψ1 + cφ1sψ1 −sφ1cθ1sψ1 + cφ1cψ1 sφ1sθ1
−sθ1cψ1 sθ1sψ1 cθ1

(3.2)
d01 = (L1sθ1cφ1)xˆ0 + (L1sθ1sφ1)yˆ0 + L1(1 + cθ1)zˆ0 (3.3)
r0pt is the coordinate vector of the point of interest represented in the base coordinate frame,
r1pt is the coordinate vector of the point of interest represented in coordinate frame 1, R
0
1
is the rotation matrix from the base coordinate frame to coordinate frame 1, and d01 is the
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Figure 3.9: Vector addition diagram to obtain r0dir
vector from the origin of the base frame to frame 1. The “c” and “s” letters represent
cosine and sine respectively. Using equation (3.1), the points at which each force acts were
represented in the base frame.
Next, the direction in which the forces act was determined. Figure 3.9 shows how the
direction vector of the forces due to the EAP stacks can be obtained through vector addition.
r0att is the vector from the origin of the base frame to the “point” in which an EAP stack
attaches to. r0dir is the distance vector between the two points of attachment of the EAP
stack on the two square frames in the direction going towards the base frame end plate.
Therefore, r0dir = r
0
att − r0pt. The direction vector in which the forces act is the normalized
r0dir vector given by equation (3.4).
r0dir,n =
r0dir
||r0dir||
= f(φ1, θ1, ψ1) (3.4)
For a wide-strip EAP stack linear actuator, it was assumed that boundary effects on the free
edges are small which correlate to λ2=constant (strain in the in-plane direction perpendicular
to the direction of actuation is constant). Also, assuming that the cross sectional area of
the EAP stacks was constant along the actuation direction, equation (3.5) gives a relation
between the magnitude of force an EAP stack exerts and the principal strain ratio in the
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actuation direction (the 1 direction). Equation (3.5) can be derived from equation (2.8).
Fj = NA
[
λ21j
∂W
∂I1j
+ λ21j(λ
2
2j +
1
λ21jλ
2
2j
)
∂W
∂I2j
− r0λ
2
1jλ
2
2jV
2
j
z20
− 1
λ21jλ
2
2j
∂W
∂I1j
− 1
λ21jλ2j
2
(λ21j + λ
2
2j)
∂W
∂I2j
] (3.5)
j denotes the side of the square frame where j = 1...4 (see Figure 3.8). A is the approximated
cross sectional area of the EAP stack, N is the number of EAP layers in the stack, and λij
is the principal strain of the EAP stacks in the ith (i = 1, 2) direction on the jth side. For a
non-activated EAP stack, the voltage was zero. Thus, the vector form of the force exerted
by an EAP stack is shown in equation (3.6) and incorporates the direction and with what
magnitude the force acts.
Fj = Fjr
0
dir,n = f(φ1, θ1, ψ1, λij) (3.6)
This equation was applied to each EAP stack and therefore there were a total of eleven
unknowns (F1, F2, F3, F4 , λ11, λ12, λ13, λ14, φ1, θ1, and ψ1). However, the principal strain
of the jth side was written in terms of the Euler angles using equation (3.7).
λ1j = λ
I
1j
||r0dir,j||
L1
(3.7)
r0dir,j is the distance vector between the two points of attachment of an EAP stack on the
square frames of the jth side, L1 is the undeflected length of the EAP in the actuation
direction, and λI1j is the prestrain in the direction of actuation of the j
th side which is
known. Now, the four forces were written in terms of the Euler angles only. Plugging these
forces and the forces due to gravity into the static moment equilibrium condition about the
pivot point yielded three equations and three unknowns. This is expressed by equation (3.8).
∑
M =
∑[
(rarm,j × Fj) + (rarm × Fe)
]
= 0 (3.8)
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where each moment arm vector rarm = r
0
pt− r0piv. r0piv is the location of the pivot represented
in coordinate frame “0”. Using equation (3.8), the Euler angles were solved for and the static
configuration of the segment at a specific voltage can be found.
The blocking moment is defined as the maximum torque achievable by the segment at
a specific voltage activation pattern. The blocking moment is measured at zero angular
deflection. Equation (3.9) is used to determine the blocking moment.
∑
M =
∑[
(rarm,j × Fj(0, 0, 0, 0)) +Mxxˆ0 +Myyˆ0 +Mzzˆ0
]
= 0 (3.9)
Mx, My, Mz are the components of the blocking moment in the xˆ0, yˆ0, and zˆ0 directions.
The total blocking moment was the square root of the sum of the squares of the components.
3.6 Multiple-Segment Static Equilibrium
The analysis for the single segment was extended to a multi-segment arm. Instead of having
only two coordinate frames, the analysis had n + 1 coordinate frames fixed to the square
frames where n is the number of segments making up the arm. Consequently, there were
n rotation matrices and therefore, n homogenous transformations so that all the local force
vectors, position vectors, and points of interest were represented in the base coordinate frame
where all calculations were done. Figure 3.10 shows how the coordinate frames would be
positioned. The origin of each coordinate frame was located at the center of the square
frames. The zk-axis is perpendicular to the square frame’s surface. The xk and yk axes are
in the plane of the square frame and they are perpendicular to the sides of the square frames.
The homogenous transformation required to change from the kth local coordinate frame to
the base coordinate frame is represented by equation (3.10). This equation was only used
when the segment being analyzed was not the first segment (k 6= 1). For the first segment,
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Figure 3.10: Multi-segment arm coordinate frames
equation (3.1) was used.
r0pt =
k∏
m=1
Rm−1m r
k
pt +
k∑
m=2
[ k−1∏
l=1
Rl−1l d
m−1
m
]
+ d01 (3.10)
m and l are dummy variables. rkpt is the point of interest represented in the k
th coordinate
frame. dm−1m is the vector from the origin in the m− 1 frame to the origin in the mth frame.
Now, any point and any vector represented in any local frame was transformed into the
base frame coordinate system. It was assumed that all the forces due to gravity from the
masses of the spheres and the square frames act at their centers of mass. Furthermore, in
order to effectively move the arm, the kth segment EAP stacks must counteract all the forces
of gravity from the kth segment to the nth segment. This intuitively means that angles of
deflection should increase with subsequent segments because each succeeding segment must
counteract less and less structural mass. The forces exerted by the EAPs were assumed to
act in the same way as mentioned for the single segment analysis.
As a result of the n segments, each segment was in static equilibrium yielding a total of
n moment equations in the form of equation (3.8). The only difference for analysis of each
segment was that there will be n − k + 1 forces due to gravity for the kth segment. Each
moment equation was a function of all the Euler angles for the entire arm. This yielded a
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system of 3n equations with 3n unknowns which was solved using an iterative solver like
fsolve() in Matlab.
3.7 Design Simulation Results
The design variables for the multi-segment arm were the width of the square frames (con-
sequently the width of the EAP actuators because the actuators are attached to the square
frames) and the number of segments that made up the arm. Setting the width of the square
frames effectively sets the separation distance between the subsequent square frame (conse-
quently the length of the EAP actuators) because width-to-length ratio of the EAP actuator
was constant corresponding to the material parameters that have been determined by the
uniaxial tests. If it was desired to predict the behavior of an arm with a different width-
to-length ratio, then different material parameters needed to be used. For the following
simulation results, the prestrain of the actuators were 3 by 5 (3 in the actuation direction)
and the width-to-length ratio was 3. The widths of the square frames ranged from 2.54
centimeters to 25.4 centimeters, and the number of segments that would make up the arm
ranged from 2 to 11 in the simulations. The total angular deflection of the arm and the block-
ing moment were determined for each combination of the design variables. Also, Figure 3.11
shows the relation between number of segments, width, and a cost function for each design
weighing the total angular deflection and the blocking moment equally. It was concluded
from the simulations that smaller widths of the square frames will result in larger angular
deflections of the arm, but larger widths of the square frames resulted in larger blocking
moments. For an arm that would have equally good performance in both achieving angular
deflection as well as blocking moment, a large width for the square frames and a maximum
amount of segments should be utilized.
The simulations were compared to experiments performed by P. Lochmatter [8] for valid-
ity. Instead of having a 2 DOF arm with square frames, Lochmatter’s frames were rectangular
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Figure 3.11: Simulation results for ranges of H and N values
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Figure 3.12: Simulation results for Lochmatter’s actuator testbed with one side of EAPs
activated at 4.8kV
and only have 1 DOF so all movement was planar as can be seen by Figure 3.12. There
was only one pair of EAPs attached to the side of the frame with the H dimension. The
dimensions were L = 62 mm, G = 30 mm, H = 190 mm, the weight of each segment was
122.05 grams, the prestrain for each EAP was 3 by 5, and there was a total of 7 segments.
Lochmatter eliminated gravity from his actuator testbed by using hinges to facilitate the piv-
oting motion. However, friction between the hinges caused the relative deflection between
each segment to increase moving from the root of the actuator testbed to the tip. This was
accounted for in the simulations by decreasing the magnitude of the gravity vector until the
simulation results for a specific activation voltage matched the results for the corresponding
voltage in Lochmatter’s experimental results. Then, this modified gravity vector was used
to simulate the entire range of activation voltages. The simulation results and Lochmatter’s
experimental results are shown in Figure 3.13. Simulations predicted the deflections of each
segment with relative good accuracy within about 5 degrees.
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Figure 3.13: a) Simulation results form this thesis, b) Maximum deflection from neutral
position after 3 seconds of equal activation of all segments as a function of initial electrical
field [8]
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Chapter 4
Partial Differential Equation
Boundary Control
4.1 Motivation and Related Work
Although the previously mentioned spherical arm design utilizes many EAP actuators, and
a segmented approach for achieving hyper-redundancy, the ultimate goal is to develop a
continuum arm that is flexible and compliant at any point along its longitudinal axis. Fur-
thermore, the previous arm design can utilize distributed control as a means of controlling
the arm, however, this control method may not be to most efficient if a truly flexible arm
design is to be realized. Considering an arm with a flexible core that is described by a partial
differential equation (PDE), PDE boundary control can be utilized to control the arm. In
fact, the most important benefit to using boundary control is the reduction in actuators in
the system. The benefits of distributed control can be compensated for by using effective
boundary control and good mechanical design [24]. Thus, this control method remains a
good candidate for controlling a truly flexible arm. For this reason, PDE boundary control
theory is examined and experiments have been performed to show its effectiveness.
PDE boundary control can be applied to systems that are described by PDEs ranging
from second-order parabolic PDEs to Navier-Stokes equations. Therefore, boundary control
has a wide range of applications from controlling beams to heat exchanger flow. The flexible
portions of the arm are subject to large deformations and can be described by theory like
Timoshenko beam theory. Boundary control on the flexible arm can be calculated to change
the slope of the arm or prescribe a force at the boundaries such that the arm is deflected a
certain amount or follows a specified trajectory. Shape memory alloys have been examined
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as actuators that can be implemented to control the structure at the root [18]. EAPs can,
therefore, also serve as the control actuators that respond faster with increased strain. In
order to simplify the analysis, experiments involving a slender, flexible beam clamped at
one end and free at the other subject to deformations were devised in order to show the
effectiveness of PDE boundary control.
Indeed, there have been previous work in structural vibrational control of a flexible beam
as well as controlling the tip displacement of a flexible beam. Control techniques have uti-
lized both control actuators at the tip [19] and actuators at the root [20] [21] [22] in order
to either track a desired trajectory or subdue vibration of the flexible structure. However,
most of the control methods implemented are based on conventional methods like optimal
control or PD/PID control techniques. Work done specifically in PDE boundary control
[23] [27] [28] have been mostly simulation-based. Therefore, the results of this thesis reports
on one of the first PDE control-based experimental results that demonstrate the effectiveness
of the proposed method.
4.2 Bending Control
The Euler-Bernoulli beam equation is a suitable model for the flexible beam made of linearly
elastic material subject to small deflections given by equation (4.1).
 m˜ −m˜xeb
−m˜xeb Ip

ξtt
θtt
+
ηEIbξtyyyy + EIbξyyyy
−ηGJ˜θtyy −Gj˜θyy
 =
Fb(t, y)
Mb(t, y)
 (4.1)
where m˜ is the mass per unit length, b is the width of the beam, xeb is the distance between
the shear center of the beam and the center of mass, Ip is the polar moment of inertia of the
beam cross section, ξ and θ are the bending displacement and beam twist respectively, EIb
and GJ˜ are the bending stiffness and torsional stiffness respectively, and Fb and Mb are the
distributed force and moments along the beam respectively. The subscripts t and y denote
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the time derivative and the span-wise direction spatial derivative respectively (i.e. ξt =
∂ξ
∂t
and θyy =
∂2θ
∂y2
). For control of a flexible arm made of continuum material, it is desirable
to control the bending much more so than the twist of the arm. Therefore, the boundary
conditions for both tip-based actuation are as follows:
ξ(t, 0) = ξy(t, 0) = ξyy(t, L) = 0, ξyyy(t, L) =
Ftip
EIb
(4.2)
And the boundary conditions for root-based actuation are as follows:
ξ(t, 0) = ξyy(t, L) = ξyyy(t, L) = 0, ξy(t, 0) = δr (4.3)
Effectively, for bending only, equation (4.1) can be rewritten as follows:
ξtt +
1
m˜
(
ηEIbξtyyyy + EIbξyyyy
)
=
Fn(t, y)
m˜
= F (t, y) (4.4)
where Fn is the sum of the acceleration term corresponding to the twist dynamics m˜xebθtt
and Fb, the distributed force on the beam. L is the total length of the beam. δr is the
slope of the beam at the root. This equation is subject to the boundary conditions above
except that the control input u(t) is substituted into Ftip or δr. The control objective could
be to ensure that the tip displacement follows a desired trajectory or reference signal (R(t))
analogous to the arm moving in a specified motion or moving to a specified location. This
can be mathematically denoted by the following equation:
lim
t→∞
(
ξ(t, L)−R(t)
)
= 0 (4.5)
A motion planning-based tracking controller facilitated by an perturbation observer
was designed in [24]. The perturbation observer estimates the unknown forces the beam is
subject to F (t, y) where F (t, y) = w(t)Tφb(y) + σ(t) and w(t) and σ(t) are unknown but
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Figure 4.1: Block diagram for the perturbation observer coupled with system dynamics [24]
bounded. Figure 4.1 shows a block diagram of the perturbation observer and its relation to
the dynamical system. They serve as disturbance predictors in the perturbation observer
dynamics and accommodates for any external perturbations on the system. Consequently,
the perturbation observer dynamics are as follows:
ξˆtt(t, y) + bbξˆtyyyy(t, y) + abξˆyyyy(t, y) =
wˆ(t)Tφb(y) + σˆ(t)− bbpξ˜t(t, y)− abpξ˜(t, y)
(4.6)
with ξˆyy(t, L) = ξˆyyy(t, L) = ξˆ(t, 0) = 0, ξˆy(t, 0) = u(t) or ξˆyy(t, L) = ξˆy(t, 0) = ξˆ(t, 0) =
0, ξˆyyy(t, L) = u(t) as the boundary conditions depending on whether the control is at the
root or the tip. Furthermore, ξ˜ = ξˆ − ξ and p is a gain that is set such that satisfactory
convergence properties are achieved. ab =
EIb
m˜
and bb = ηab. ˆw(t) and ˆσ(t) are defined by a
projection-based adaptive law given by:
˙ˆw(t) = γaProj
(
wˆ(t),−
∫ L
0
(ξ˜t + δξ˜)φb(y)dy
)
(4.7)
˙ˆσ(t) = γaProj
(
σˆ(t),−
∫ L
0
(ξ˜t + δξ˜)dy
)
(4.8)
where γa is the adaptation rate and δ is a parameter small enough such that a Lyapunov
function is positive definitive so that the error dynamics between the perturbation observer
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and the actual system are stable (see the proof in [24]).
The perturbation observer is separated into two parts: the “particular” and “homoge-
nous” parts. It is defined that ξˆ = ξˆp + ξˆh where the dynamics for the particular half are
described by the following:
ξˆp,tt(t, y) + bbξˆp,tyyyy(t, y) + abξˆp,yyyy(t, y) =
−bbpξ˜p,t(t, y)− abpξ˜p(t, y) + Wˆ (t)Tφb(y) + σˆ(t),
ξˆp,yy(t, L) = ξˆp,yyy(t, L) = ξˆp(t, 0) = ξˆp,y(t, 0) = 0
(4.9)
where ξ˜p is defined as ξ˜p = ξˆp−ξ. It is important to note that the boundary conditions for the
particular part of the perturbation observer dynamics are all set to zero. The homogenous
part of the perturbation observer dynamics are as follows:
ξˆh,tt(t, y) + bbξˆh,tyyyy(t, y) + abξˆh,yyyy(t, y) = −bbpξˆh,t(t, y)− abpξˆh(t, y) (4.10)
The boundary conditions for the homogenous part would be either ξˆh,yy(t, L) = ξˆh,yyy(t, L) =
ξˆh(t, 0) = 0, ξˆh,y(t, 0) = u(t) or ξˆh,yy(t, L) = ξˆh,y(t, 0) = ξˆh(t, 0) = 0, ξˆh,yyy(t, L) = u(t)
depending on whether the control is at the root or the tip. It is important to note that
the homogenous part of the perturbation observer is not affected by the feedback from the
system (i.e. it is not affected by ξ) or by ξˆp.
Motion planning for the homogenous part of the perturbation observer is used to calculate
the control signal for both tip and root control. A reference signal defined by Rh(t) =
R(t)− ξˆp(t, L) is to be tracked by ξˆh(t, L). Furthermore, ξˆh(t, y) can be approximated by the
polynomial
ξˆh(t, y) =
q∑
j=1
ηj(t)y
j
j!
(4.11)
where q is chosen to be large enough such that desirable tracking occurs. This equation is
substituted into the homogenous state dynamics equation (4.10) resulting in the following
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equation.
η¨j + bbpη˙j + abpηj = −bbη˙j+4 − abηj+4 (4.12)
For root control, the boundary conditions and the fact that ξˆh(t, L) = Rh(t) produces
the following algebraic equations.
q−2∑
j=0
ηj+2(t)L
j
j!
= 0,
q−3∑
j=0
ηj+3(t)L
j
j!
= 0,
q∑
j=1
ηj(t)L
j
j!
= Rh(t) (4.13)
q must be chosen to be greater than 5 because the dynamics of homogenous part are fourth
order in y. With the resulting differential and algebraic equations for any specific q, there
are a total of q − 1 equations. This can be solved by setting ηS−3, ηS−2, or ηS−1 to zero or
imposing addition constraints on the system. Once the unknown η’s are solved for, ξˆh(t, y)
is known from equation (4.11). The control can be subsequently determined noting that
u(t) = ξˆh,y(t, 0). As an example, for a specific case of q = 5, the control signal becomes
u(t) = ξˆh,y(t, 0) = η1(t) = −η5(t)L
4
12
+
Rh(t)
L
(4.14)
The process for calculating the control signal for tip control is the same except the
homogenous part of the dynamics are subject to different boundary conditions. ξˆh(t, 0) =
ξˆh,y(t, 0) = 0 leads to the fact that η0 = η1 = 0. The remaining boundary condition and the
control objective (ξˆh,yyyy = u(t)) lead to the following algebraic equations.
q−2∑
j=0
ηj+2(t)L
j
j!
= 0,
q∑
j=0
ηj(t)L
j
j!
= Rh(t) (4.15)
Once the unknown η’s are solved for, ξˆh(t, y) is known from equation (4.11). The control
can be subsequently determined noting that u(t) = ξˆh,y(t, 0). For a specific case of q = 6,
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the control signal becomes
u(t) = ξˆh,yyy(t, L) = η3(t) + η6(t)
L3
6
= η2(t)
5
L
−Rh(t) 18
L3
(4.16)
Furthermore, for q = 6, it turns out that since η1 = 0, the differential equations yield only
one ODE that has a non-trivial solution, namely the η2 ODE as follows:
η¨2 + bb
(
p+
60
L4
)
η˙2 + ab
(
p+
60
L4
)
η2 =
180
L6
(
bbR˙h + abRh
)
(4.17)
The LHS of the ODE is an exponentially stable ODE and p can be chosen to tune the closed
loop eigenvalues [24].
In summary, the control law first requires information about the instantaneous bending
displacement distribution along the beam. This can be achieved by a variety of sensors and
curve fitting approximations. This information is fed into the perturbation observer dynam-
ics which is separated into the “particular” and “homogenous” halves. The instantaneous
bending displacement first enters the particular dynamics in order to determine the state
ξˆp(t, L). ξˆp(t, L) is then fed into the homogenous dynamics along with the reference signal
R(t) where a motion planning-based method is used to calculate the control signal, u(t).
The control signal is sent to the actual system and the loop repeats itself.
4.3 Control Algorithm Implementation
The control algorithm was written in Matlab using finite difference methods as it would be
impractical to solve the differential equations using an iterative method like ode45 in “real
time”. Before implementing the code on a flexible beam actuated by a tip force or by changing
the slope of the root, the algorithm was tested oﬄine using a reference signal of (R(t) = 0)
to check for convergence of the solutions obtained from the perturbation observer dynamics.
This process served as a sanity check knowing that the computed control should converge
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to zero. It was desirable to work with real, measured data as far as the instantaneous beam
displacement with concerned to see how the performance of the control law would be affected
by the noise in the measurement signal. Therefore, a time history and the corresponding
displacements at seven specific points along the physical beam were obtained for a stationary
beam. Since the reference signal was zero, and the measured displacements were essentially
zero (nonzero due to noise), the computed control should also be zero. The remainder of the
section will describe in detail how the control algorithm was implemented.
First, ξˆp(t, L), subject to the perturbation observer dynamics described by equation (4.9),
was calculated. The PDE was converted into an ODE using Galerkin’s method. It was
determined that two basis functions were sufficient in approximating the ξˆp(t, y) solution. In
fact, the solution is given in the following general form:
ξˆp(t, y) =
Nb∑
j=1
aj(t)φj(y) (4.18)
where Nb = 2 and the basis functions are defined as:
φ1(y) = A1 sin(λb1y) + A2 cos(λb1y) + A3 sinh(λb1y) + A4 cosh(λb1y) (4.19)
φ2(y) = B1 sin(λb2y) +B2 cos(λb2y) +B3 sinh(λb2y) +B4 cosh(λb2y) (4.20)
A1 through A4 and B1 through B4 are constant coefficients chosen to make the basis func-
tions satisfy the boundary conditions of the particular part of the perturbation observer
dynamics. λb1 and λb2 are the eigenvalues of the first two modes of a cantilever beam subject
to bending. It was assumed that in the experiments the first mode of bending is dominate.
To increase the computational speed of the code, the basis functions were expressed a poly-
nomial approximations.
The ODE produced by Galerkin’s method utilizing two basis functions can be expressed
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with the following matrix equation:
A
a¨1
a¨2
+ bbB
a˙1
a˙2
+ abB
a1
a2
− 2bbpc− 2abpd− wˆTe− σˆf = 0 (4.21)
and can be rewritten as the following:
z˙p =

0 0 1 0
0 0 0 1
−bbA−1B −abA−1B
 zp +

0
0
2bbpc
+

0
0
2abpd
+

0
0
wˆTe
+

0
0
σˆf
 (4.22)
where
A =

∫ L
0
φ21dy
∫ L
0
φ2φ1dy∫ L
0
φ2φ1dy
∫ L
0
φ22dy
 (4.23)
B =

∫ L
0
(φ1,yyyyφ1 + pφ
2
1)dy
∫ L
0
(φ2,yyyyφ1 + pφ1φ2)dy∫ L
0
(φ1,yyyyφ2 + pφ1φ2)dy
∫ L
0
(φ2,yyyyφ2 + pφ
2
2)dy
 (4.24)
c =

∫ L
0
φ1ξ˙dy∫ L
0
φ2ξ˙dy
 (4.25)
d =

∫ L
0
φ1ξdy∫ L
0
φ2ξdy
 (4.26)
e =

∫ L
0
φ1φbdy∫ L
0
φ2φbdy
 (4.27)
f =

∫ L
0
φ1dy∫ L
0
φ2dy
 (4.28)
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zp =

a1
a2
a˙1
a˙2

(4.29)
All integrals in equations (4.23)-(4.28) were evaluated from 0 to L. Equation (4.22) was
then numerically solved for using a Runge-Kutta fourth order method with random initial
conditions.
zp,i+1 = zp,i +
1
6
(k1 + 2k2 + 2k3 + k4)δt
k1 = f(ti, zp,i)
k2 = f(ti + 0.5∆t, zp,i + 0.5k1δt)
k3 = f(ti + 0.5∆t, zp,i + 0.5k2δt)
k4 = f(ti + ∆t, zp,i + k3δt)
(4.30)
where i denotes the current time step, δt denotes the difference between time steps, and
f(t, zp) is the RHS of equation (4.22). Also, wˆ and σˆ were calculated by the following
equations:
wˆ(ti+1) =
∫ ti
0
wˆ(ti) + δtwˆ(ti)
σˆ(ti+1) =
∫ ti
0
σˆ(ti) + δtσˆ(ti)
(4.31)
wˆ(t = 0) and σˆ(t = 0) were set to zero. ξˆp(t, L) was then calculated by the following:
ξˆp(t, L) = a1(t)φ1(L) + a2(t)φ2(L) (4.32)
Notice that the c and d column matrices require integration of the bending displacement
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Figure 4.2: Bending displacement linear interpolation
distribution. This was achieved by using seven data points along the beam, and the shape
between points was determined by linear interpolation illustrated by Figure 4.2. The bending
displacement was integrated between each point and summed to obtain the total. The
integral of ξ˙ was calculated approximately by dividing the integral of ξ by the sampling
interval namely
∫
ξ˙dy ≈ ∆
∫
ξdy
∆t
. Note that the time step of the Runge-Kutta integration of
the perturbation observer dynamics δt and the sampling interval ∆t are different values with
δt < ∆t. It was determined that integrating the the perturbation observer dynamics at the
sampling rate (too large of a δt) caused the dynamics to diverge, and the sampling rate could
not be increased due to the physical limitations of the experimental testbed. Therefore, the
code was written such that the Runge-Kutta method integrates the perturbation observer
dynamics ∆t
δt
times during the sampling interval. This allowed the perturbation observer
dynamics to be integrated with small enough time steps that the dynamics showed proper
convergence.
Once ξˆp(t, L) was calculated, it was fed into the homogenous part of the perturbation
observer dynamics in order to calculate he control signal. For tip control, it was sufficient to
use q = 6 in equation (4.11) and the homogeneous dynamics were rewritten in the following
form:
z˙h =
 0 1
−ab(p+ 60L4 ) −bb(p+ 60L4 )
 zh +
 0
180
L6
(bbR˙h + abRh)
 (4.33)
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Figure 4.3: Control signal with p = 10
where zh = [η2 η˙2]
T . Similar to the particular dynamics, a fourth order Runge-Kutta method
equation (4.30) was used to integrate the homogeneous dynamics with the RHS of equation
(4.33) as f(t, y). Furthermore, R˙h was approximated by
∆Rh
∆t
. δt here was the same as in the
particular half. Once η2 was calculated, equation (4.16) was used to calculate the control
signal u(t). It is important to note that the units of the control signal for tip control are in[
F
EI
]
.
Serving as a sanity check, Figures 4.3 through 4.5 show the convergence behavior on the
control signal calculated from the perturbation observer for a R(t) = 0 mm reference signal
and for a stationary beam (show in Figure 4.6). Each plot shows the control signal for a
different p value. As expected, the control signal converges to zero. Furthermore, it can be
seen how the increase in the p value affects the convergence properties of the perturbation
observer dynamics. The larger p was, the faster the dynamics stabilized.
For root control, the homogeneous dynamics were different than that of tip control be-
cause the boundary conditions were different. However, it was determined that a 7th order
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Figure 4.5: Control signal with p = 1000
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Figure 4.6: Reference signal and measured tip displacement
polynomial approximation (q = 7) for ξˆh was necessary for stable dynamics. Therefore,
equations (4.10)-(4.12) were rewritten in the following form:
z˙h =
 0 I
−a(pI−D−1C) −b(pI−D−1C)
 zh −

0
0
0
D−1
(
b
[
R˙h 0 0
]T
+ a
[
Rh 0 0
]T )

(4.34)
where zh = [η1 η2 η3 η˙1 η˙2 η˙3]
T , I is a 3 by 3 identity matrix, and matrices C and D are
defined as followed:
C =

L L
2
2
L3
6
0 0 1
0 1 L
 (4.35)
57
D =

L5
5!
L6
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7!
L2
2
L3
3!
L4
4!
L3
6
L4
4!
L5
5!
 (4.36)
For the homogenous dynamics for root control, the gain p must be selected such that the
matrix pI−D−1C is positive definite so that convergence is assured. Similarly, a fourth order,
Runge-Kutta method was used to integrate the homogeneous dynamics for root control.
Then, the control signal u(t), which is the slope of the root of the beam, is simply η1(t).
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Chapter 5
Experimental Validation of PDE
Boundary Control
5.1 Experimental Testbed for Tip Control
The beam was rigidly clamped at one end so that it was fixed at the root while the other
end was free to be controlled. Two small permanent magnets were attached to the tip and
were acted on by an electromagnet (EM) at a fixed distance away from the tip of the beam.
The EM is a tubular EM (E-16-260) from Magnetic Sensor Systems, and it operates at an
input power range between 5 and 50 watts with about 600 ampere turns. The magnetic
field of the EM was controlled by specifying a current and varying the voltage using a pro-
grammable power supply (Agilent Technologies E3642A) that interfaces with Matlab. It
is this interaction between the permanent magnets and the magnetic field of the EM that
produces a force acting on the beam tip. Aluminum was chosen as the beam material due to
its relative flexibility to other metals, and because it is elastic at small strains and at room
temperature. Also, its nonmagnetic property negated any effects the EM would have had
on the beam. The dimensions of the beam were chosen such that a relatively inexpensive,
small EM can be used to achieve the desired tip deflection. The beam length was chosen,
rather arbitrarily, to be 24.13 centimeters. Its thickness and width are 0.0508 centimeters
and 3.18 centimeters respectively.
To create a closed-loop system for the boundary control implementation, retro-reflective
markers were placed at specific points along the length of the beam, and the VICON Motion
Capture System was used to track these markers thereby sensing the deflection of the beam.
The VICON system used infrared cameras to illuminate the retro-reflective markers. The
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Figure 5.1: VICON system
EM, the beam with the markers, and the VICON cameras are shown in Figures 5.1 and 5.2.
It was necessary to know the bending displacement of the beam in order to calculate the
tip force needed to control the bending of the beam, based on the PDE boundary control
formulation in Chapter 4.2. Assuming the bending displacement was small, the displace-
ment was only a function of the span-wise coordinate of the beam. Bending displacement
was determined by calculating the distance from the coordinates of the markers of the beam
at the deformed state to the coordinates of the markers at the undeformed state. Since the
markers were only placed at specific locations along the beam, the bending displacement
function needs to be fitted given the data obtained from the VICON system. This was done
by linear interpolation as previously mentioned. Future work might utilize a higher-order
curve fitting, but it was not needed for the length of the beam chosen.
Once the instantaneous beam displacement was known, the information was fed into the
control law to calculate the tip force needed for the next instance of time. The EM was
characterized so that a relationship between voltage/current, distance from the permanent
magnets, and tip force is known. As a result, once the tip force was calculated and the
distance between the permanent magnets and the EM was known, the corresponding volt-
age/current was supplied via code from Matlab to the power supply to control the EM. This
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Figure 5.2: Clamped beam with retro-reflective markers, EM, and power supply
process occurred at every iteration of the control law. Figure 5.2 shows the experimental
setup.
5.2 Electromagnet Calibration
The electromagnet was characterized to determine a relationship between the required volt-
age and commanded tip force. The tip force, it will be recalled, was calculated using equation
(5.1). Assuming the beam deflection to be small enough so that the electromagnet was es-
sentially at a constant distance from the beam tip, the force at the beam tip was only a
function of the voltage in the electromagnet. The tip deflection of a cantilever beam as a
function of the applied tip force, Ftip is given by
ξ(t, L) =
FtipL
3
3EIb
⇒ Ftip(t)
EIb
=
3ξ(t, L)
L3
(5.1)
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Figure 5.3: Steady state deflection vs. voltage
The electromagnet was calibrated by measuring the steady state tip deflection as a function
of the input voltage (which is held constant), as shown in Figure 5.3, so that
ξ(t, L) ≈ 1.33x10−3V 1.5 (5.2)
where V denotes the voltage of the signal sent to the electromagnet. Combining 5.1 and 5.2
with the fact that the control input u(t) = ξyyy(t, L) = Ftip(t) = EIb, it follows that
u(t) =
4x10−3
L3
V 1.5 ⇒ V = 39.67L(u(t))2/3 (5.3)
5.3 Experimental Results for Tip Control
Experiments were first done with the wˆ and σˆ values set to zero. This physically means
that the system was not expected to have any external disturbances. The reference signal
was set so that the tip displacement of the beam was to follow a step signal and sinusoidal
signal. The step signal was to begin at 0 mm and change to 2 mm at t = 25 seconds. The
sinusoidal reference signal was described by R(t) = 2 + sin(0.5t) mm. Figures 5.4, 5.5, and
5.6 show the solution of the particular solution at the tip(ξˆp(t, L)), calculated tip control
signal, and the measured tip displacement for the step reference signal as a function of time
62
0 10 20 30 40 50 60 70
−3
−2
−1
0
1
2
3
4
5
6
x 10−4
Time (s)
ξ p(
t,L
) (
m)
Figure 5.4: Particular solution at the tip for step reference signal
respectively. Figures 5.7, 5.8, and 5.9 show similar plots for the sinusoidal reference signal
as a function of time respectively.
The p values for the step and sinusoidal reference signal experiments were 1000 and 500
respectively, and they were chosen by trial and error such that satisfactory results could be
obtained. Theoretically, increasingly large p values would stabilize and force the dynamics
of the perturbation observer to converge faster, however, there seemed to be a p threshold
for the experiments in which the system would become unstable for larger p values. It
was speculated that this could be because of the time delay in the system. Furthermore,
a curious phenomenon occurred in that for larger p values, the steady state error would
increase. This problem remains to be solved. In both cases, the convergence was rapid and
the tracking error has a magnitude of 0.1 mm. The noise was largely from the measurements,
and also from low amplitude vibrations which arose due to the signal generator attached to
the electromagnet.
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Figure 5.6: Measured tip displacement for step reference signal
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Figure 5.8: Control signal for sinusoidal reference signal
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Figure 5.9: Measured tip displacement for sinusoidal reference signal
5.4 Experimental Testbed for Root Control
Root control is the tip of boundary control that best relates to controlling a flexible robotic
arm. If the slope of the flexible core can be changed using EAPs, then the tip of the core can
be controlled to follow a desired reference signal, effectively a trajectory in space allowing the
arm to move. In the following experimental testbed, the aluminum beam was clamped rigidly
to the shaft of a stepper motor (Sparkfun Electronics ROB-10846) via a shaft mount such
that the rotation of the shaft would change the slope of the beam at the root. Power for the
stepper motor was supplied using the programmable power supply. The stepper motor was
interfaced with Matlab using a microcontroller (Arduino Uno board) and a microcontroller
add-on (Arduino Motor Shield). The setup is shown in Figure5.10. The stepper motor’s
speed, direction, number of steps rotated could be controlled using an Arduino package
made compatible with Matlab. The closed loop system was obtained by feedback from the
VICON system, and it was used to measure the slope of the beam at the root using the
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coordinate information from the first two markers. The measured slope was fed back into
the following motor control law to track a specified reference signal.
vstepper = α(u− δr,measured) + βu˙ (5.4)
The symbol δr,measured is the measured slope at the root. This feedback law is basically PD
control where α is the proportional gain and β is the derivative gain. vstepper is essentially
the rotational speed and was sent to the stepper motor as a command. Evidently from
equation (5.4), as the measured slope approaches the calculated control, the stepper motor
rotates slower and slower signaling that the tip displacement of the physical beam is close to
the reference signal R(t). The direction of the stepper motor was determined by measuring
the tip displacement of the beam and comparing it to the reference signal at that instant
of time. Based on the sign convention of the set up (clockwise rotation denoted positive
tip displacement), if the tip displacement was greater than the reference signal, the stepper
motor would be commanded to rotate counterclockwise. The inverse statement was also
true.
5.5 Experimental Results for Root Control
Figures 5.11 to 5.13 show the experimental results for a sinusoidal reference signal of R(t) =
0.05− 0.03 sin(t) m in which the beam’s tip was supposed to track base solely on actuation
at the root. Experimental results include the particular solution of the particular dynamics,
the control signal, and the measured tip displacement with respect to time. Tracking error
was acceptable with a zone of error of about ±2 cm. The internal state initial conditions in
the particular dynamics part of the perturbation observer were set to zero. The particular
solution was bounded in the control implementation to prevent any divergence of the internal
states. The saturation of the particular solution can be see in Figure 5.11 in the two flattened
out peaks. Figures 5.14 to 5.16 show the experimental results for a step input reference signal
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Figure 5.10: Root control testbed
starting at 0.02 m to −0.02 m at 4 seconds. Tracking error was acceptable with a zone of
error of about ±1 cm.
The “smoothness” of the calculated control signal was speculated to be attributed to the
fast response of the internal dynamics of the homogeneous part of the perturbation observer
regardless of the noisy particular solution. The oscillatory motion of the tip in both step and
sinusoidal inputs was due to the higher uncontrollable modes of the beam and the time delay
in the system. It was observed that for small p values the system responded poorly with poor
tracking performance. As p was increased the tracking improved with an eventual point of
diminishing returns at about p = 5000. All the experiments presented were performed with
a p value of 5000.
The experimental validation of root boundary control is most applicable to show the
effectiveness of boundary control for implementation on a flexible robotic arm. This is
because controlling the slope at the root directly and intuitively results in movement of the
tip of the arm. Although it was seen that the oscillations in the beam could be a problem
when precise movements are necessary, ample damping can be added into the system to stifle
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Figure 5.13: Tip displacement for sinusoidal reference signal
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Figure 5.14: Particular solution for step reference signal
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0 2 4 6 8 10 12 14 16 18
−0.1
−0.08
−0.06
−0.04
−0.02
0
0.02
0.04
0.06
0.08
0.1
Time (s)
ξ(t
,L)
 (m
)
 
 
Measured Tip Displacement
Reference Signal
Filtered Measured Tip Displacement
Figure 5.16: Tip displacement for step reference signal
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oscillations and allow for smooth movement.
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Chapter 6
Conclusion and Future Work
The objectives of this thesis were to (1) utilize the EAP material as a candidate actuator
technology to design and fabricate a hyper-redundant, flexible robotic arm, (2) show the
knowledge gained from this process, (3) examine and present a possible control strategy
that would be effective in controlling this type of arm, and (4) validate the control strategy
experimentally. At this point, a discretized arm design has proved to be the most promising
using linear EAP actuators to facilitate movement, although preliminary experiments show
limited performance in terms of deflection as well as blocking moment. A hyperelastic
EAP model was devised to assist in predicting the behavior of the material in order to
help in the design of the arms. Through simulations, it was determined that an arm with
small dimensions (effectively a low-mass arm) and a large number of segments produced
the greatest amount of total deflection, and therefore, this design of the arm is capable of
the most complex motions and configurations. However, for an arm that is capable of large
blocking moments and thus, able to lift masses with its end effector, an arm with large
dimensions should be utilized.
The PDE boundary control strategy presented in this thesis was validated by experiments.
Two experimental testbeds were developed to test the control theory for tip and root control.
It was seen that the tip of the beam was able to follow a sinusoidal trajectory as well as a
step input.
In order to practically realize a flexible, compliant, hyper-redundant robotic arm that act
as muscular hydrostats would, further improvements need to be made to the EAP material
itself. First, the dielectric constant of the material needs to be improved so that a lower
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voltage difference can be applied across the electrodes. This way, the dielectric breakdown,
which is a major issue in regards to the durability of the EAP actuator, can be reduced so
that more cycles of actuation can be achieved. If the material can be consistently durable, a
“permanent” tesbed can be fabricated by using the spherical core arm design. This testbed
can be used to further validate material models and serve as a means to learn more in
depth about the dielectric elastomer. Furthermore, a suitable flexible core material that is
sufficiently flexible and also resists the compressive loads of the EAP prestrain needs to be
found. Only then can a truly flexible arm be realized. As far as the PDE boundary control
goes, further experiments need to be performed, which account for perturbations where the
wˆ(t) and σ(t) functions from equation (4.6) are nonzero.
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